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AN INVESTIGATION, &c. 


HE communication of motion from impact is 

well known to conſtitute a conſiderable part of 
that branch of natural philoſophy called mechanics; 
and as all our enquiries therein are directed, either 
to aſſiſt us in thoſe operations which add to the con- 
veniences of life, or to explain, for the ſatisfaction 
of the mind, thoſe changes which we daily ſee ariſe 
from the effects of bodies on each other, it might na- 
turally have been expected that the attention of philo- 
ſophers would have been engaged, firſt in the inveſti- 
gation of ſuch caſes as moſt frequently occur from the 
accidental action of one body on another, before they 
had proceeded to others leſs obvious. A little con- 
ſideration will convince any one how ſeldom it hap- 


pens, in the colliſion of two bodies, that their centers 
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of gravity and point of contact lie in the line of direc- 
tion of the ſtriking body, yet few writers on mechanics 
have extended their enquiries any. further than this ſim- 


ple caſe. It muſt however be acknowledged, that 


the action of bodies on each other, in directions 207 
paſſing through their center of gravity, affords a fub- 
ject at leaſt curious in ſpeculation; for my own part, 
I have little doubt but that it might be rendered ex- 
tremely uſeful to the practical mechanic. 1. BERNOULLI 
was the firſt who publiſhed any thing on this ſubject. 
He found the point about which a body at reſt would 
begin to revolve when ſtruck by another body, obſerv- 
ing however that p. BERNOULLI had alſo diſcovered the 
ſame : he has alſo mentioned the curve deſcribed by 
that point in the progreſſi ve motion of the body, and 
has directed a method of enquiry by which the veloci- 
ties of the bodies may be found after the ſtroke, which 
comprehends all he has done on the ſubject. Two years 
afterwards D. BERNOULLI publiſhed a paper on progreſ- 
ſive and rotatory motion, containing nothing more than 
what 1. BERNOULLI had before given us, and, what 1s a 


little extraordinary, ſays in the introduction, de fali 


quidem percuſſione nibil adhuc, quantum ſcio, publici juris 


ſadlum fuit ab iis, qui de motu corporum a percuſſione ege- 


runt. EULER has alſo inveſtigated the velocities of the 
| bodies 
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Principles of prupreſtve and rotatory Motion, 3 
bodies after impact in a manner ſomewhat different, but 
has rendered it much more intricate by a fluxional cal- 
culus. To any one, however, who attentively conſiders 


the ſubject, the theory muſt ſtill appear to be extreme- 


ly impertect, as, independent of principles not more 
ſelf-evident than the propoſitions they are intended to 
demonſtrate, which both 1, and D. BERXOULLI have aſ- 
ſumed in their inveſtigations, a great variety of other cir- 
cumſtances equally ii gtereftin 1g nat naturally ariſein an enquiry 


[1910 6 uc 
into this matter, Fabſolutely neceſſary to- 


wards underſtanding the principles of the motion of the 


bodies after impact. This induced me to conſider the 
ſubject with ſome attention, and preſuming that I have 
not been altogether unſucceſsful in my endeavours to 
render the thcory more perfect, I determined to lay the 
reſult of my enquiries before the Royal Society. I 
thought it expedient, for the ſake of perſpicuity, to di- 
vide the whole into diſtinct Propoſitions; and as the 
moſt ſimple caſes are beſt underſtood, I have firſt con- 
ſidered the caſe of the action of a body on a lever hav- 
ing a corpuſcle at each end: and I was the more in- 
duced to treat the ſubject in this manner, as moſt of 
the principles can be immediately applied to any num- 
ber of corpuſcles, in conſequence of which the gene- 
ral inveſtigations are rendered more eaſy and ſatisfac- 


tory. 
B 2 PROP. 
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Let & and 8; be two inde efinitely ſmall bodies connected by 4 


lever void of gravity, and ſuppoſe a force to a7 at any 
point p perpendicularly to the lever, to find e Poini about 
which the bodies will begin to 2 EPs 


From the property of the lever, the effect of the 


forte acting at p (fig. 1 .) on. the body A 1s to the effect 
on B as BD: AD; hence the ratio of the ſpaces an, Bu, 
deſcribed by the bodies A and B in the firſt inſtant of 


BD ; =; 
A 


ceflary produce that line Rs AB. to meet in c, which 


will manifeſtly be the point about which the bodies be- 


gin to jay Hence from ſimilar figures BC : AC :.: 


AD 
2 


their motion, will be as — ; join un, and if ne- 


0 BA) N D ( An) :: Ax AD: B * BD, or DC—DB: AD + 


Ax AD'+B x BD? 
BN BD AR AD 


and therefore D is the center of percuſſion or oſcillation 


to the point of ſuſpenſion c. 
Cor. 1. Hence, whatever be the magnitude of the 


ſtroke at D, the point c will remain the ſame. 


Cor. 2. If the force acts at the center of gravity 65 
the bodies will have no circular motion, for i in this caſe 
Bx BD Ax AD=0O, and therefore De becomes infinite. 

| | Cor. 
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Cor. 3. If the force acts at one of the bodies, the 
center of rotation c will coincide with the other body. 
Cor. 4. If the lever had been in motion before the 


ftroke, the point c, at the inſtant of the ſtroke, would 
not have been diſturbed, 


. 


Let a given quantityof motion be communicated to the lever 
at D, to determine the velocity of the center of gravity d. 


The ſpace az, deſcribed by the body A in the firſt 
inſtant of motion, is as = : NOW eG SCD = DG SCD — 


AN AD*+B x BD? - BXxXBDxXxXBG+AXxXADxXxAG, 
BxBD—=AxAD AGTADS ———;pD<azAD a 
pb BBD NAB 
D xDD —A x AD — BxBD<-AxXADs 
B x BD x AB BD 
b N (Ac): I («MA): . 
Bx BDx GB+AXAD NAG. J. BxBD x GB+AXADxAG 
—"—"ÞBxBD—-AxAD (CG): KNA 


velocity of the center of gravity: hence if the motion be 


BxGB* + A x AG* 
AX BK AB 


Let now the motion, which is ſuppoſed to be actually 


AG TAD = 


alſo A CD T DA 


hence we have 


« Gu the 


communicated at 6, the velocity becomes as 


communicated to the rod at pd, be equivalent to the mo- 
tion of a body whoſe magnitude is 6, and moving with a 
velocity v; then if that motion be communicated at , 
the velocity of the center of gravity is well known to be 


— 
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hence BxBG*+AxAG* _ B x BD xBG+A x AD x AG R 
1 A xBXAB . AXT BNAB 2 


Gxov, G BN BGN BDTANAD NAG 2 
XII: Xr e e the velocity of the 


center of gravity, when the ſame motion is actually com- 
municated to any point D. Now BD S BO op, and 
AD=Z=AG—GD; hence B * BG x BD+AxXADX AG =B « BG* + 


Ax AG*+GDx BxBG=Ax AG = (becauſe Bx BG=Ax AG=0) 


B x BG* + A* AG*; conſequently the velocity becomes 


=; and hence the center of gravity moves with the 


ſame velocity, wherever the motion is communicated, 


PROP. III. 


Let a given elaſtic body p, moving with a given velocity, 
be ſuppoſed to Arike the lever at the paint D in a direc- 
tion perpendicular to it; to determine the velocity of the 
center of gravity G after the firake. 


Suppoſe firſt the body to be non-elaſtic, and let v be 
the velocity of the center of gravity after the ſtroke upon 


that ſuppoſition, and v the velocity of the ſtriking 


v Xx CD 


body: then cG:CcD::v:-——= the velocity of the 


point p after the ſtroke, or of the body v; for the 


vx CA 3 © X CB 
c and = 


and B; reſpectively. Now, becauſe in revolving bodies, 
the 


ſame reaſon —— equal the velocities of A 


—— 
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the momenta, arifing from the magnitude of the bo- 


dies, their diſtance from the center of rotation and ye- 


locity conjointly, remain the ſame after the ſtroke as 
before, we ſhall have PX VX DSS IAD , 2xCA*xA 


GO... 9 
KCB” x B 
— , and therefore v . 
CG P x DC* + AXAC*+B x BC® © 
PxVxCG 


coir! hence if v be ſuppoſed an elaſtic body, 


_2xPxVxcG 


N ET Ros for the velocity of the 


center of gravity after the ſtroke, % iþ/o 1014s initio. 


we ſhall have 


RR ©: P? IV. 


To determine the motion of the bodies after the firſt inflant.. 


or when they are left to move freely by themſelves. 


The writers on mechanics, from conſidering the 


equality. of motion on each fide the center of gravity, 


when a body revolves about that point, have inferred, 
that if a body had a projectile as well as a circular mo- 
tion communicated to it, the center of gravity would 
continue to move in a right line, as that point would 
not be diſturbed by the rotatory motion: yet, as, in 
the caſe we are now conſidering, the bodies begin to re- 
volve about a different center, it may be proper to exa- 
mine more accurately into this matter, and to ſhew from 


what: 
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what principle it is that the motion of the center of gra- 
vity is preſerved in a right line. | 
Let a motion perpendicular to the rod be communi- 
cated to A (fig. 2.) and then by Cor. 3. Prop. I. B will 
not be diſturbed by ſuch an action; and a will in the 
firſt inſtant have a tendency to revolve about B as a cen- 
ter, and would actually deſcribe the arc an, if the body 
B were fixed: let the angle apy be ſuppoſed infinitely 
ſmall, and let ox be the arc, the center of gravity would 
have deſcribed, and draw the tangents Ar, Gg to the 
arcs AH, Gg reſpectively. Now, if a could have moved 
freely, it would (becauſe A = ah) have deſcribed AF in 
the ſame time the arc an was deſcribed, upon ſuppoſi- 


tion that B was fixed; for the radius Ba being perpen- 
dicular to the circular arc Ah, the ſurcec of the lever 


could have no efhcacy to accelerate or retard the motion 
of A in the arc an, and therefore the velocity in that 
arc is the ſame as it would have been if it had moved 
freely in the tangent : hence HF is that ſpace through 
which the centrifugal force of à would have carried that 
body, could it have moved freely; but as A is connected 
to B by means of the lever, it is manifeſt that the ſame 
force which would have carried a from H to F in the 
direction of the lever, will, when it has both bodies 
to move, carry it over a {pace which is to FH as A: ATB, 

or 
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Principles of progreſj ve and rotatory Motion. 9 
Or as BY : BH, Or as 2K : FH; hence that ſpace, or the 
ſpace through which the centrifugal force of A will 


draw the lever in the direction Bn, is equal to Kg; that 


is, the point K, Which 1s the center of gravity of A 
and B, will be found at z, and conſequently the center 

of gravity has preſerved its motion uniform in the right 
line 6g, inaſmuch as the centrifugal force, acting per- 
pendicularly to the direction of the center of gravity, 


can neither accelerate or retard its motion. In the {ame 


manner it may be proved, that the motion of the center 
of gravity is continued uniform in the ſame right line, 
whatever be the poſition of the lever. Moreover, as 
the centrifugal force acts in the direction of the lever, 


it cannot alter its angular velocity, Which will therefore 


remain as in ihſo mntiis initin. If now we ſuppole 
that to the force impreſſed upon a, two other equal 


accelerative forces be communicated to a and B at 
the ſame time, it is evident that no alteration can ariſe 


from the actions of the bodies on each other; and the 
caſe will then be fimilar to the motion of the bodies, 


ſuppoſing a ſingle force had been impreſſed at any point 
D. The like method of reaſoning may be extended 
to any number of bodies. 

The ſame thing may alſo eaſily be demonſtrated 1n 


the following manner. The centrifugal forces of A 
C | and 


| 
1 


| 
| 
| 
| 
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and B (fig. 1 J are reſpectively Ar AC and BxBC ; alſo- 
the centrifugal force of the point G, confi idering it as 


having both bodies to move in the direction of the rod, 
— 


is ATB x c, but from mechanics Ax AC+B3 x BC=ZA+B x 
Gc: "hence the centrifugal forces of the bodies à and B 
give the center of gravity a. centrifugal force equivalent 
to its own centrifugal force, which, as the latter would 
cauſe that center to moye in the tangent og, the lever 
not being fixed at ＋ it is manifeſt that the former will 
cauſe the center of gravity to continue its motion in the 
ſame direction. 

That this motion of the lever, in a direction from 
the center c, is the only motion which is communicated 


to it from the effect of the bodies a and ; is manifeſt from 
hence. The bodies begin to revolve treely about the 


point c, and conſequently if the point c had been fixed, 

the bodies would have moved on with a uniform angular | 
velocity about c; if therefore we ſuppoſe the lever not to 
be fixed at c, as the efficacy of the centrifugal force which | 
acts in the direction of the lever is now ſuffered to take 

place, and no new external force is impreſſed on ei- 

ther of the bodies, it is manifeſt, that if in the former 

caſe the bodies had no efficacy to diſturb the angular ve- 

locity of the lever, they cannot have any in the lat- 

ter, conſequently the angular velocity, and from what 

has 
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has been before proved, the uniform motion of the cen- 


ter of gravity in a right line, remain unaltered, after 
the commencement of the motion. 


F 


In the time the bodies make one revolution, the center of 
gravity will move over a ſpace equal to the circumfer- 
ence of a circle whoſe radius is CG (fig. 1.) 


From the laſt Propoſition, the angular velocity of the 


lever is continued uniform; hence the time of a revo- 


lution 1s juſt the ſame as if the point c were fixed, and 
the bodies were to continue to revolve about that point 


as a center, in which caſe the center of gravity G, in 
the time of a revolution, would evidently deſcribe the 


circumference of a circle whoſe radius is 6c. This 
therefore is the ſpace the ccnter of gravity deſcribes in 
a right line when the bodies move frecly, tor from the 
laſt Propoſition that center is carried unitormly torward 
with the ſame velocity. 

Cor. 1. Hence if the magnitude of the force acting 
at D vary, the velocity of the center of gravity will 
vary in the ſame ratio as the angular velocity. 

Cor, 2. Hence the point p may be found, where a 


force being applied, the bodies ſhall make one revolu- 


C2 tion, 
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tion, whilſt the center of gravity moves over any 
given ſpace (s) : for let P = the periphery of a circle 


; . 4 > * TE - 


7 = the — 4 


of a circle whoſe circumference is the ſpace to be paſſed 
over in the time of a revolution, and which. muſt there- 
fore, by the Propoſition, be equat to 6c ; the point c 
therefore being determined, D may be eaſily found, for 
from mechanics c6xDG is given; and from Cor. 3. 


Prop. I. when p comes to a, c will coincide with B, 


 AGx GB 
CG 


whoſe radius is unity, then 52 12251 


:-CGxGD=AGx GB, and copſequently DG = 


s- 


PR 0 v. VI. 


To determine tbe £11142 8 0228 pomalution, ſuppoſing. every 
thing given as in Prop. III. 


The point p being given, we. have from Cor, 2. to: 


ITS * . AG x GB [ion oem Lad 7 
the laſt Propoſition, c = . put W equal the cir- 


cumference of a circle whoſe radius is c, and it appears 
from the laſt Propoſition, that w is the ſpace the center 
of gravity paſſes over in the time of one revolution ; 


hence, becauſe from Prop. Iv. the center of gravity 

a2xVxPxCG 

ATB CG+Px DC 
740 


moves uniformly, we have by Prop. III. 
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*XVxPxCG | 
21 “/:: Wü W. 3 ; 728 7 
EB CGI? C the time of one revolu 
tion. | 
Cor. Hence the angular velocity being inverſely as 


A+BxCG+P x DC 


the tume of a "1 ee ho} not 
revolution, will vary as ES 
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The point e, as the center of gravity moves forward, will 
de/crive the common cycloid.. 


From the deſcription of the common cycloid it ap- 
; pears, that the center of the generating circle paſſes over 
a ſpace equal to the circumference of that circle whilſt 


it makes one revolution. With the center d (fig. 3.) 
and radius dc, detcribe the circle ch, and draw cr, G 


perpendicular to aBc,. and let the circle cy be ſuppoſed 
to revolve on the line R; then will the center 6 move 
over a ſpace equal to the circumterence of the circle 
exy Whilſt it makes one revolution, and the point c will 
deſcribe the common cycloid : but from Prop. v. the 
point 6 , move over a ſpace equal to the circumfer- 
ence of a circle whoſe radius is 6c, whilit the bodies, 
and conſequently oc, make one revolution; and hence 
the point c will deſcribe the ſame curve as before, that is, 
the common cycloid. „„ 
P R OP. 
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motion at the point D, which reſolve into two others Fn, 
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P R OP. VIII. 


Let a motion be communicated to the lever obliquely, to de- 
termine the point about which the bodies begin to revolve. 


LetFD (fig. 4.) repreſent the force communicating the 


HD, the former FH parallel to the lever, and the latter Hb 
perpendicular to it. Let c be the point about which the 
bodies would have begun to revolve, had the force Hp 
only acted, and which may be found by Prop. I: and 
ſuppoſe in this caſe un to have been the next poſi- 
tion of the lever after the commencement of the mo- 
tion, or that the bodies a, R, and center of gravity 6, 
had been carried to n, £ and n reſpectively. But as the 
force FH acts at the point p at the ſame time in the direc- 
tion of the rod, if we take 69: g as FH: HD, then whilſt 
the center of gravity would have moved from d to in 
conſequence of the force Hp, it will by means of the force 
FH be carried in the direction of the lever from & to 9, 
and alſo every other point of the lever will be carried in 
the ſame direction with the ſame velocity; take there- 
fore ap and Bi each equal to G, and, complete the pa- 
rallelograms Aa, o and Bb, and the bodies a, B, and 
center of gravity 6 will, at the end of that time, be 

| found 
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found at a, & and *» reſpectively, and atob will be the 
poſition of the lever. Now it is evident, that c is not 
the point about which the bodies begin to revolve, for 
(conſidering the lever to be produced to c) that point 
mult have moved over a ſpace cc equal to 64, when the 
lever is come into the poſition azwh : draw co perpendi- 


cular to cB, and do perpendicular to G, and o will be 


the center of rotation at the commencement of the mo- 
tion. For conceive co to be a lever, then the lever Ane 


has a circular motion about c, whilſt that point is mov- 


ing from c to c, and conſequently the point o is carried 
forward in a direction parallel to ce by this motion; but 
as the lever co is carried by a circular motion about e 


in a contrary direction, it is evident that that point of 
the lever co mult be at reit where theſe two motions are 


equal, as they are in contrary directions. Now the ve- 
locity of c in the direction cc : velocity of d about c : : 
Gq : :: (by ſim. triang.) co: cs, and the velocity of 
the point 6 about c : velocity of the point o about c:: 
CG :co; hence ex £9440 the velocity of e in the direc- 
tion of cc, or of o in the direction op parallel to cc, is 
equal to the velocity of the ſame point o in a contrary 
direction ariſing from its rotation about c, and conſe- 
quently o being a point at reſt, muſt be the center of ro- 
tation in if/o motis initio. Allo, becauſe 719 is equal 

and. 
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and parallel to 25, ab muſt be equal and parallel to aun, 


therefore the angular velocity is juſt the ſame as if the 


force FH had not ated. The center o of rotation at 
the beginning of the motion being thus determined, 
every thing relative to the motion of the bodies, after 
they are at liberty to move freely, may be determined 
as in the preceding Propoſitions. 

Cor. 1. Hence it appears, that whatever be the mag- 
nitude or direction of the force communicating the mo- 
tion, or the point at which it acts, the center of gravity 
will move in a line parallel to the direction of the force, 
for the triangles up, cd being ſimilar, o muſt be 
parallel to FD. | 

Cor. 2. The ſame is manifeſtly true for any number 
of bodies ; for let (fig. 5.) E be a third body, and con- 
ceive it to be connected with the other two bodies a and 
B in their center of gravity 6; then if FD repreſents the 
force acting at the point p, it is evident from the laſt 
Corol. and the ſecond Prop. that the center of gravity 
moves with the ſame velocity and in the ſame direction, 
as if the ſame motion had been communicated at d in a 
line RG parallel to FD, and that the center of gravity has 
the ſame velocity communicated to it, as if the two bo- 


dies had been placed at 6; conceive therefore the bodies 


A and B to be placed at 6, and let the force act at p, and 
then 
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then from the laſt Coral. the center of gravity g, of the 
three bodies, will move in a line parallel to the direction 
of the force communicated. In the ſame manner it 
may be proved for any number of bodies. 


SCHOLIUM. 


The method here made uſe of to determine the point 
of rotation in ih mot#s initio, when a lingle force acts 
at any point p, may be applied, when any number of 
forces act at different points at the ſame time. For let 
| (fig. 1.) a, E, , &c. repreſent the forces acting on the 
lever at the points p, E, r, &c. reſpectively; then from 


the ſame principles the effect of all the forces on a : 


N — 8. * 4 8 2 > * 
the effect on . + 55 + AF + Sc. 2, +--+5; &c. 


which quantities put equal to Þ and & reſpectively, and 


then Lg : =; : AM: BH: : AC: BC, from whence it ap- 


pears, that (putting 6c + GA = Ac and GC — 6B = 


R AXQxXAG+BxP „* BG 
BC) the diſtance GC = 1 „ 


ſame concluſion might have been deduced from this 
conſideration; that if any number of forces act on a 
lever, the effect on any point of that lever is juſt the 


ſame as if a force, equivalent to the ſum of theſe forces, 
5 had 


— 45 6 ̃ — — — 
— —— —— — — — — — —— — —— — — — 
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had acted at their common center of gravity, find there- 
fore their common center of. gravity, . and conceive a 
force equivalent to them all to be. communicated to that 
point, and the Problem is reduced to the caſe of the 
fi-ſt Propoſition. If any of the forces had acted on the 
oppoſite fide of the lever, ſuch forces muſt have been 
conſidered as negative. 

If there be any number of bodies- placed on the Wer, | 
and a ſingle force acts at p, it will appear from the ſams 
principles that the point c, about which they begin to re- 
| volve, will be the point of ſuſpenſion to the center of per- 
| cuſſion v; andthe ſame concluſion will be obtained, if the 

| bodies be not ſituated in a ſtraight line. As a direct inveſti- 
| gation, however, 1s always to. be preferred to concluſions 
| drawn from induction, it may bc thought proper, before 
; we apply any of the foregoing principles to the caſe of the 
| action of bodies upon each other by impact, to ſhew 


how ſuch a direct inveſtigation to determine the point 
about which a body, having a motion communicated to 
| | it, begins to revolve, may be obtained ; previous to 
Which, however, ſome further conſiderations are ne- 
ceſſary. 


55 PROP. 
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NO. IX. 


Fa force acis upon a body in any given direction not paſ- 

ſing through the center of gravity; to determine the 

plane of rotation, the direction in which the center of 
gravity begins to move, and its motion after. 


Conceive a plane AyBZ (fig. 6.) to be ſupported upon 

a line 4B paſſing through its center of gravity-6, and 
ſuppoſe a force to act at any point p in that line, and in 
a direction perpendicular to the plane; then it is mani- 
feſt, that ſuch a force can give the plane no rotatory 
motion about an. Imagine now the ſupport to be taken 
away whilſt the force is acting at p, then it is evident, 
that as the plane had no tendency to move about AB as 
an axis, and the taking away of the ſupport can give it 
no ſuch motion, it will, by Cor. 2. Prop. vIII. begin its 
progreſſive motion in the direction in which the force 

acts; and as the force is ſuppoſed not to act at the cen- 
ter of gravity, it muſt at the ſame time have a rotatory 
motion about ſome axis, which, as it has no motion 

about aB, muſt lie ſomewhere in the plane, and per- 
pendicular to AB; and conſequently in iþ/o morrs initio 
the plane of rotation muſt be perpendicular to the plane 
D 2 AYBZ. 
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AyBZ. Let LCM, perpendicular to An, be the axis about 
which the plane begins to revolve, and p, q be two equal 
particles of the plane ſimilarly fituated in reſpect to AB, 
alfo gb, pa perpendicular to Le. Now the centrifugal. 
force of p, or its force in the direction ap is px ap, and 
that of 9 in the direction 59 is * ; to determine now 
how theſe forces will affect the motion of the plane, we 
may obſerve in the firſt place, that the force px ap, act- 
ing at @ in the plane, muſt tend to give it a motion 
about an axis perpendicular to the plane; but as an equal 
force 9x96 acts at q to give it a motion in a contrary di- 
rection, it is evident that the two forces will deſtroy each 
other, 10 far as they tend to generate any motion in the 
N plane about an axis perpendicular to it; and hence it is 
manifeſt, that if the parts of rhe plauc ays,. Az, be 
| ſimilar, and ſimilarly ſituated in reſpect to AB, the plane, 
| after the commencement of the motion, will have no 
| tendency to revolve” about an axis perpendicular to it. 
| Alſo, as the centrifugal force of each particle acts in a 
| | direction parallel to AB, it can give the plane no ten- 
6 dency to revolve about that line as an axis, and conſe-- 
quently the plane of rotation will be preſerved as in ipſa 
moins initio. Conceiving therefore the plane on each 
ſide the line as to be ſimilar, and ſimilarly ſituated, 
ſuppoſe another plane to be fixed upon this, whoſe parts 
on 


* 
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on each fide AB are ſimilar, and ſimilarly ſituated, and 
the force to act as before, then it is manifeſt, that as 
each plane endeavours to preſerve the ſame plane of ro- 
tation, the two planes connected will alſo continue to 
move in the ſame plane of rotation, for the action of 
one plane on another, on each ſide the plane of rota. 
tion, being equal, cannot tend to diſturb the motion in 
that plane; and as this muſt be true for any number of 
planes thus ſimilar and ſimilarly ſituated, it is evident, 
that if a force ſhould act upon a body, and each ſec- 
tion, perpendicular to the direction of the force, ſhould. 
be ſimilar on each fide the plane paſſing through the di- 
rection of the force, and the center of gravity of the 


body, that that plane would be the plane of rotation in 
which the body would both begin and continue its mo- 


tion. It appears alſo from what has been proved, that 
if every ſection on each ſide that plane had not been ſi- 
milar, the plane of rotation would. not zece{ar!ly, have. 
continued the ſame after the commencement of the mo- 
tion. Hence all bodies, formed by the revolution of any 
plane figure, will have the axis about which they were 
generated, a fixt axis of rotation; to determine, however, 
every other axis of a body about which it would continue 
to revolve, would be foreign to the ſubject of this paper. 


Suppoſing therefore the plane of rotation to continue the 
| ſame. 


— — — — —— — — v 
. 


22 Mr. vincs's Inve/tigation of the 


ſame (for in this paper I mean to confine my enquiries 
to ſuch caſes) imagine all the particles of the body to be 
referred to that plane orthographically, which ſuppoſt- 
ſition not affecting the angular motion of the body, the 
centrifugal force of all the particles, to cauſe the body 


to revolve about an axis perpendicular to that plane, will 


remain unaltered. Let LMNO (fig. 75) be that plane, 
and ſuppoſe a force to act at à in the direction pA lying 
in the ſame plane, which produce until it meets LN, 
paſling through the center of gravity 6, perpendicular- 
ly in p; then by Cor. 2. Prop. vIII. the center of gra- 
vity G6 will begin its motion in a line parallel to pA, or 
perpendicular to LN; and conſequently the center c, 
about which the body begins to revolve, muſt lie ſome- 
where in the line LN. Now the centrifugal force of any 
particle p is px pc ; let fall pa perpendicular to Lx, then 
the effect of that force at c, in a direction perpendicu- 


lar to LN, will be px a, and in the direction cl it will 


be px ca; but as the ſum of all the quantities P hago, 
and the ſum of all the quanties * c the body mul- 
tiplied into c, it follows from the ſame reaſoning as in 
Prop. III. that the point 6 will continue to move in a 
direction perpendicular to LN; and alſo, as the forces 
P * Ca act in a direction perpendicular to that in which 


the center of gravity moves, its motion muſt be conti- 
nued 
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nued uniform. In the following Propoſitions, there- 
fore, we ſuppoſe the axis of the body, after the com- 
mencement of the motion, to continue perpendicular 
to the plane paſſing through the direction of the force; 
and the center of gravity of the body, and that the 
body itſelf is orthographically projected upon that plane; 
alſo in the caſe of the action of two bodies on cach 
other, the plane paſſing through the direction of the 
{triking body and point of percuflion is ſuppoſed to paſs 
through the centers of gravity of cach body; that 
the axis of each body after it is ſtruck continues per- 
pendicular to that plane, and that each body is reduced 
to it in the manner above deſcribed. . | 


r 
To determine the point about which a body, when fliucꝶ,, 
beging to revolve. 


Let LMNo (fig. 7.) repreſent the body, G the center 
of gravity, and ya the direction of the force acting at a, 
which produce till it meets LN, paſſing through 6, per- 
pendicularly in the point p; draw y perpendicular to pc, 


on which (producedif neceſſary) let fall the perpendicular 


pw; C being ſuppoſed the point about which the body be- 

gins to revolve, and which, from the laſt Propoſition, is 

ſomewhere in the line LN. Becauſe the body, in con- 
ſequence. 


— — ä — — — 
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ſequence of the force acting at v, begins to revolve 
about c, and conſequently if immediately after the be- 
ginning of the motion a force were applied at D equal 
to it, and in a contrary direction, the motion of the 
body would be deſtroyed, it 1s evident, that the efficacy 
of the body revolving about c, to turn the body about 
D, ſhould any obſtacle be oppoſed to its motion at that 
point, muſt be equal to nothing; for were it not, the 
body, when ſtopped at p, would ſtill have a rotatory 
motion about that point, and conſequently two equal 
and oppoſite forces applied at Þ would not deſtroy each 
others effects, which would be abſurd. Now the force 
of a particle P, in the direction pw, being px pc, its 
efficacy to turn the body about the point p is þ x ÞC * 
pw; but by ſim. triang. pw: D:: ac: pc, . bw = 


— — and conſequently the efficacy to turn the body 
about D=Px Dx aC=Px ca De- cp cx DC PNC; 
hence the ſum of all the * ca De- the ſum of all 


ſum of all the p x PC* 
Tum of all the px Ca? 


the px pc*=©, and conſequently cp = 


therefore p is the center of percuſſion, the point of ſuſ- 


penſion being at c. 

Cor. From this and the preceding Propoſition it ap- 
pears, that every thing which was proved in Prop. v. vi. 
VII. holds here alſo in the caſe of the action of one body 


on another. 


PROP. 


"4 


"OS 
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PROP. XI, 


Let a body v (fig. 8.) moving. with the velocity v, flrite 
the body Qat re/t in the point a, and in a direction Ap 
pajjmg through the center of gravity of the Alriking 
body ; to determine the velocity of each body after the 
Nroke, ſuppoſing them to be elaſiic. 


The ſolution of this Propoſition depending on the 
ſame principles as that of Prop. III. we ſhall have, put- 
ting v equal the velocity of the center of gravity G af- 
ter the ſtroke, on ſuppoſition that the bodies were non- 
elaſtic (DGc being ſuppoſed perpendicular to ap, and c 
the point about which the body Q begins to revolve) 


EP&CD* ſum of all th 2 
Vx? x CU= ECA — 80 D, andconſequently 


VxPxCD x CG : 3 
U nm ö all the 5 50 Fr Ns but it is well known, 


that the ſum of all the px H ο , and hence 


X 
Qx CG+P x DC? 


and therefore if the bodies be ſup- 


. PxVxCcG * 
poſed elaſtic, we have IEG FAB for the velocity of 


the center of gravity G after the ſtroke. Now to de- 


. . h rer 1 
termine the velocity of 2, we have Cr be equa 


its velocity after the ſtroke from ſingle impact, and con- 


PxVxCD QxV xCG . 0 
on — = — is the velocit 
Qx CG+P x DC” Qx GC+P xDC * 


E loſt 


ſequently v — 


| 
| 
1 
* 
Y 
| 
! 


| 
k 
| 


26> 3c venous DWoefipation' af i'eb " 
loſt by » from ſimple impact; hence if the bodies be 


IT = 5 SIE will be the velocity loſt by p if elaſ 


tic, and confequently the velocity of p after the ſtroke: 


2xQxV-xCG __ P x DC-=Qx GC: 
De GC+PxDC © Qx GC+P xDC © 


Cor, 1, If the direction AD paſſes through 6, then 
2PV 
QP 


x V=P's velocity, which 1s well known from the 


elaſtic, 


x V. 


=V— 


co being equal to CD, We have 


P 
P+Q 


common principles of elaſtic bodies. 
Cor. 2. If Px DC=Qx G, or : Q:: GC: DC, then. 


= Q's velocity, and 


will the body v be at reſt after the ſtroke. 


Cor. 3. If Q were infinitely great, the velocity of 2 
after the ſtroke would be = = v as it ought, for P would. 
then ſtrike againſt an immoveable obſtacle. 

Cor. 4. Whatever motion gains from the action of 
Pp, it would loſe, if, inſtead of ſuppoſing v to ſtrike Q, 
Q were to move in an oppoſite direction, and ſtrike p at 
reſt with the ſame: velocity with which e ſtruck Q; in 


ſuch caſe, therefore, the velocity of Q after the ſtroke 


.2ÞPx GOxXV 55a Q—2P x GC +P x DC 
QxGC+PxDC Qx GC+PxDC 


Cor. 5. Hence if p be infinitely great, or Q be ſap- 
poſed to ſtrike an immoveable object, its velocity after 


would be y — 


X V. 


DC — 2CG 
the ſtroke will be = r x v: hence when DC=2GC, 


the body Q will have no progreſſive motion after the 
ſtroke, 
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ſtroke, but would in ſuch caſe, if p were immediately 
taken away, continue to revolve about a fixed axis. It 
may alſo be obſerved, that when pc is greater than 200, 
or the velocity of Q is poſitive, that, becauſe it is im- 
poſſible for q to continue its progreſſive motion, it is 
only to be underſtood, that if immediately after the im- 
pact the body e were removed, the body & would then 
proceed with ſuch a velocity. 
Cor. 6. Suppoſe the bodies to be non-claſtic, and let 
M be the magnitude of a body placed at p, which, be- 
ing acted upon by v, ſhall have the ſame velocity ge- 
nerated as was before generated in the point p of the 


body Q; then by the common rule for non-claſtic bo- 


. . . e 
dies, the velocity of M after the ſtroke will be F U- and 
r P x V » DC GC 
P+M © QxCG+P x DC? DC* 


Cor. 7. If a given quantity of motion were commn- 


hence 


conſequently M = Q x 


nicated to any point of the body , the progreſſive 
motion of that body after the ſtroke would be the ſame. 
For ſuppoſe the magnitude of the body v to be diminiſhed 


ine limite, and its velocity to be increaſed in the ſame 
PxVxCcCD 


ratio, then, becauſe SCT 50 (which is the velocity of 
y after the ſtroke, if the bodies be non- elaſtic) = (becauſe 
PxVxCcD 


y is infinitely ſmall) the velocity of Y after the 


CG 
E 2 ſtroke 
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ſtroke from ſimple impact is finite, conſequently its mo- | 
tion muſt be infinitely ſmall, and therefore v muſt have 


communicated all its motion to : now in this caſe the 


. F . 141 , V. C 2271 V ; = | R 
velocity of a (= ce —_ | 7 Which quantity 


3 E | 
is independent of the place where the force acts; in the 
fame manner it would WR if we had ſuppoſed the: 
bodies elaſtic, 


"EZ 7. 3 Ws. - 8 


 Suppo/ing every thing given tis in the laſi Propofition, ex- 


cept that the direclion AD does not paſs through the cen- 
ter of gravity g of the firiking body; to determine the 
velocity f each body after the Aroke. 


Let AD (fig. 9.) be produced to meet Fgo paſſing 
through g, the center of gravity of the ſtriking 
body, perpendicularly in y, and ſuppoſe o to be the 
point of the body ?. Which is not diſturbed by. the 
action of v on Q: now it appears from Cor. 6. Prop. 
x1, that if both bodies were non-elaſtic, and a body 


equal to Qx — 5 were placed at D, the velocity of that 


body, from big action of p, would be equal to the ve- 
locity of the point D of the body q; for the ſame rea- 
ſon, therefore, it Pore, that if, inſtead of ſuppoſing 

FP tO 


Principles of progreſive and rotatory Motion. 29 
to ſtrike Q in the direction ra, a body equal to * 
0 


were to ſtrike Cat the ſame point and in the ſame di- 
rection (which direction is ſuppoſed to paſs through the 
center of gravity of that body) the effect on q would be 
the ſame; hence, if in the quantity Y 


from the laſt Prop. expreſſes the velocity of the point p 
after the ſtroke, on ſuppoſition that the bodies are non- 


elaſtic, we ſubſtitute for P a body equal to v 885 we 


VxPxDCxgoO | . 
ſhall have UG Tr ODT for the velocity of the 


point p from the action of r; and conſequently 


$X YVXPxXGC x0 a 
GX GC FO+P x0 xDc © the velocity of the center of gra- 


vity 6 of the body d, after the ſtroke, if the bodies be 
perfectly elaſtic. To determine now the velocity of the 
ſtriking body, let of, perpendicular to og, be the ſpace 
deſcribed by the point o in the firſt inſtant of time at- 
ter the ſtroke, which, as that point is not diſturbed by 
the action of the bodies on each other, may repreſent 
the velocity of » before the ſtroke, and let #6 repre- 
ſent the velocity of the point F after the ſtroke; join y, 
and draw 2d perpendicular to og, and then will gd re- 
preſent the velocity of the center of gravity g of the 
ſtriking body after the ſtroke. Draw fc perpendicular 


to FA, and produce gd to meet fc in e; now the velocity 
loſt 


—— 2 
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loſt by p at the point F by ſimple impact being equal to 
VxPxDC AO v FO 
Qx GC xFO+Pxg0xDC © @xGCxFO+P xg0 x DO? we ſhall 


have bc the velocity loſt by the point r, on ſuppoſition 


that the bodies are perfectly elaſtic (ſuppoſing of to re- 


2x VxQx GCxFO_ 
Qx GCxFO+P x20 x DC? 


and therefore by ſim. triang. fc (ro): ch: :fe(o2): ed 
2xVxQxGCxg0 _ 


Wy 


preſent the value of v) equal to 


= the velocity loſt by the center of 


| _2xVxQxGCxg0 
gravity g, and hence v — AX GOHFOFP x20 xDD = 


Vx Q GCxFO+VxPxgOxDC—2xVxQXGCxXxgO 
Qx GCxFO+PxgOxDC 


of p after the ſtroke. Now, as it appears from Prop. 


= the velocity 


IX. that the progreſſive motion of a body, when left to 


move freely, continues uniform and in the ſame direc- 
tion, it follows, that the expreſſions for the velocities 
of each body in the firſt inſtant after the ſtroke, both in 
this and the preceding Propoſition, will repreſent the 
uniform progreſſive velocities with which the bodies will 
continue to move, and conſequently the place of each 
body, at the end of any given time after impact, may 


eaſily be determined, 


Cor. 1. If the direction Fa paſſes through g, then ro 
2x VxPxGC 


| and go becoming infinite, we ſhall have Tec FE 


VXõP VDC V xQx GC 


Sc for the 


for the velocity of Q, and 


velocity 
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velocity of p, agreeable to what was proved in the laſt 
Propoſition. 

Cor. 2. Hence the point about which 2 begins its ro- 
tatory motion may eaſily be found; for produce (if ne- 


ceſſary) 4% and or to meet in 4, and a will be the point 
jired: and f PG VXQXGCxXxFO 
q 7 y ſim lang bc ( Qx GCxFO+Px 20 x po) 
: | Q XO H Nb 
4 2 = : 0a = eo 
f::fo(=v): o 2XQX GC 


, and hence 


FA = PXgOXDC—QXGCXOF 
95 1 NU RGC 5 


Cor. 3. If, inſtead of ſuppoſing Q to have been at 
reſt, it had been moving forward in a direction parallel 
to that of the body r, with the velocity v, the motion 


of each body after the ſtroke may eaſily be determined : 
for conſidering v as acting upon qQ with the velocity v—v, 
we ſhall have by this Propoſition (putting 2M = 


2P XGC XGO | = 7 
cc FO 0 DC) v Vx 2M= the velocity commu- 
nicated to 6, therefore v +v—v x 2M = the velocity of Q 
ande CD | 
after the ſtroke : alſo v-vx Mg = the velocity gained 


by the point p from ſimple impact, and conſequently 


— ͤ — — 


a . CD 
the velocity of that point after = vV+V—Vx Mx 8855 hence 


vo- VOM CO = the velocity loſt by v at the point 
r from ſimple impact, therefore e's velocity after the 


0 
ſtroke = v=-v—V=vV=VxMx C * 10. In the ſame 


manner 
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manner it might have been determined, had Q moved 
in an oppoſite direction. | 

Cor. 4. Hence alſo we may eafily determine the mo- 
tion of each body after the ftroke, ſuppoſing q had not 
been moving in a direction parallel to the motion of p, 
by reſolving Q's motion into two parts, one parallel to 
the motion of x, and the other perpendicular; and 
finding by the preceding what would be the effect of the 
parallel motions, and then compounding Q's motion, af- 
ter the ſtroke from that confideration, with the motion 
it had in a direction perpendicular thereto before the 
{troke. 

Cor. 5. The point a of the body p will deſcribe (when 

that body after the ſtroke has any progreſſi ve motion) 
the common cycloid. 

Cor. 6. Hence, therefore, the times of the revolutions 
of each body may be.determined as in Prop. v1. 

Cor. 7. If the bodies had any rotatory motion before 
impact, every thing relative to the motion of the bodies 
after the ſtroke might have been determined from the 
ſame principles. 
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